Although modifications of the Kuramoto model have been the subject of extensive research, the model itself is not yet fully understood. We offer several results and observations, some analytic, others through simulations. We derive a sufficient condition for the existence of a solution exhibiting partial entrainment with respect to a given subset of oscillators; the result also implies persistence of the entrainment behavior under perturbations.
Introduction
The Kuramoto model [6] is a prototype model for the study of systems of coupled oscillators. A discussion of illustrative examples, such as flashing fireflies, coupled laser arrays and pacemaker cells in the heart, can be found in [17] . We will consider the extension introduced in [15] by Kuramoto and Sakaguchi, which is described by the differential equationṡ
∀i ∈ {1, . . . , N }, ∀t ∈ R, where N is the number of oscillators, K ≥ 0 is the coupling strength, |α| ≤ π 2 and the ω i are drawn from a distribution g. (The Kuramoto model corresponds to the case α = 0.) The parameters ω i represent the natural frequencies of the oscillators and determine the behavior of the system for K = 0. For a system with an infinite number of oscillators Kuramoto and Sakaguchi showed that there is a critical value K c of the coupling strength above which a solution exists exhibiting partial synchronization. For K > K c this solution is characterized by two different groups of oscillators; those in the first group are locked at a frequency Ω while the other oscillators are moving with long-term average frequencies different from Ω . The stability properties of this solution are not yet fully understood.
The analysis by Kuramoto and Sakaguchi cannot simply be transposed to the case with a finite number of oscillators. Analytical results are hard to obtain and special cases such as identical natural frequencies [18] or the case of complete phase locking behavior and its stability properties [2, 5] are considered. Most research focuses on simulations [7, 12] and is concerned with modifications such as an alternative interaction structure [4, 11, 3, 13, 10, 9, 14] , although the unmodified Kuramoto model has also received some attention in recent years [7, 12, 8] . For an overview see e.g. [16, 1] .
In this paper we will investigate general partial entrainment in the Kuramoto-Sakaguchi model with non-identical natural frequencies, providing both analytical results and simulations. In the next section we describe the general behavior of the Kuramoto-Sakaguchi model as it is observed in simulations with small N , and in support of these observations we formulate a sufficient condition (for general finite N ) for the entrainment of a given subset of the population of oscillators. The proof implies persistence of the entrainment behavior under perturbations in the initial condition and the result remains non-trivial in the limit N → ∞.
Section 4 deals with an estimation for the critical values of the coupling strength defining the transitions between different forms of partial entrainment for the case α = 0. In Section 5 we illustrate the phenomenon for which, for both the Kuramoto-Sakaguchi model (with general α) and a system of Josephson junction arrays, entrainment may disappear with increasing coupling strength.
The general scenario
Let θ be a solution to the system (1) and let S e ⊂ {1, . . . , N } be non-empty.
then the solution θ exhibits partial entrainment with respect to S e , and S e is called an entrained subset.
Notice that according to this definition (which slightly differs from the one in [2] , where the system was said to exhibit partial entrainment if at least two oscillators exist with bounded phase differences) there is always a trivial form of entrainment corresponding to the singletons {i} ⊂ {1, . . . , N }. Partial entrainment with respect to the entire population is called full entrainment.
Simulations indicate that, for most values of the natural frequencies and the coupling strength, the entrainment behavior is independent of the initial condition -allowing us to refer to the entrainment behavior of the system -and furthermore, for each oscillator the long-term average frequency converges to a constant (i.e. ω lim i lim t→∞ θ i (t) t exists), also independent of the initial condition for most parameter values and -as follows from Definition 1 -equal for all oscillators in the same entrained subset.
Stepwise entrainment buildup for increasing K
For most simulations of (1) with N small and |α| small ( 0.5) the entrainment behavior in terms of the coupling strength can be described as follows. If all ω i are different then for K = 0 the only entrained subsets are trivially the singletons {i}, 1 ≤ i ≤ N .
With increasing K , oscillators start to become entrained, enlarging sets already entrained. In general there are N − 1 bifurcation values K c,k (k ∈ {1, . . . , N − 1}), each value representing a coupling strength where two entrained subsets (which depend on the actual values of the ω i ) merge. After N − 1 transitions full entrainment occurs, which is investigated for α = 0 in [2] .
This scenario is clearly illustrated in Fig. 1 , where the different long-term average frequencies of the oscillators are plotted (horizontal axis) for varying coupling strength (vertical axis), for a system with α = 0, consisting of four oscillators with natural frequencies given by ω 1 = −2.32, ω 2 = −0.89, ω 3 = 0.68 and ω 4 = 1.23. Later on we indicate that this scenario might break down; see Section 5 for details.
A sufficient condition for partial entrainment
In support of the scenario described in the previous section, which is based on simulations, we provide an analytical result (for general finite N ), proving that the Kuramoto-Sakaguchi model is able to exhibit partial entrainment: we derive a sufficient condition for the existence of a solution exhibiting partial entrainment with respect to a given set of oscillators. This result is not to be considered as an attempt to estimate critical values for the coupling strength -this will be dealt with in Section 4 -but as an analytical proof of the existence of partial entrainment.
We first formulate a preliminary result, pertaining to the model (1) with α = 0, to illustrate the technique of proof. A stronger but analytically more technical result follows. 
, ∀i, j ∈ S e .
Then there exists a solution to (1) with α = 0 which exhibits partial entrainment with respect to S e .
Proof. For any a ∈ (0,
We will determine a value for a for which R a is a trapping region for (1): we will show that the vector field points into R a at the boundary of R a , such that any solution with an initial condition in R a remains in R a .
Assume that for a particular t 0 ∈ R the solution to (1) at time t 0 is located at the boundary of R a : θ (t 0 ) ∈ R a and θ i (t 0 ) − θ j (t 0 ) = a for some i, j ∈ S e . From (1) it follows thaṫ
≥ −1, and thuṡ
For R a to be a trapping region we need the right-hand side to be negative. Minimizing this expression by choosing a appropriately leads to sin
and thus for this value of a, R a is a trapping region. Since R a is non-empty we can choose an initial condition in R a and the resulting solution to Eq. (1) will exhibit partial entrainment with respect to S e .
To extend Proposition 1 we will invoke extra knowledge about oscillators not in S e to provide a better bound for the term cos θ k (t 0 ) −
in (2) with k ∈ S e . Although this term can attain its minimal value of −1, if ω k differs at least 2K from ω i +ω j 2 , then it cannot remain −1 and it will also attain positive values. Using this property, we will provide a condition for which a solution to (1), starting within a region R a , with a ∈ (0, a), cannot leave R a . For the proof we refer to Appendix A. Proposition 2. Let {S 1 , S 2 , S 3 } be a partition of {1, . . . , N }, with S 2 and S 3 possibly empty. Pick m, M ∈ S 1 such that ω m = min i∈S 1 ω i and ω M = max i∈S 1 ω i and assume that
holds. Then there exists a solution to (1) exhibiting partial entrainment with respect to S 1 .
An asymptotic stability result
We will show that, in case the entrained subset S 1 contains oscillators with equal natural frequencies, the submanifolds where the oscillators in S 1 have equal phases are asymptotically stable.
Assume that all oscillators in S 1 have the same natural frequency: ω i =ω, ∀i ∈ S 1 , for someω ∈ R. Let S 3 contain the oscillators with natural frequency equal toω which are not included in S 1 ; then S 2 contains all oscillators with natural frequency different fromω. (Notice that every solution to (1) will exhibit partial entrainment with respect to S 1 : if the difference θ i (t) − θ j (t), with i, j ∈ S 1 , would cross a multiple of 2π at some time t, thenθ i (t) −θ j (t) = 0, and the oscillators i and j would coincide (modulo 2π ) for all t ∈ R.) Assume that K is sufficiently small for the condition of Proposition 2 on the oscillators in S 2 to be valid. As is shown in Appendix B we can adapt the proof of Proposition 2 to obtain the following. Proposition 3. Assume that ω i 1 = · · · = ω i P =ω for some i 1 , . . . , i P ∈ {1, . . . , N }, with 2 ≤ P ≤ N , and that no other oscillator has an ω i -value equal toω. Then for any M ∈ Z, with M > P 1+cos α , there exists an > 0, such that ∀K ∈ (0, ) the submanifolds defined by θ i 1 +2πm
are locally asymptotically stable under the flow of (1).
Discussion
In this section we discuss some consequences of Proposition 2. (Most of these observations also apply to Proposition 1.) Interpretation. If, in Proposition 2, the set S 1 contains a considerable fraction of the oscillators, α is sufficiently close to zero, and the other oscillators have natural frequencies that differ largely from those in S 1 , such that δ is positive, then for sufficiently small frequency differences of the oscillators in S 1 a solution exhibiting partial entrainment with respect to S 1 is guaranteed to exist. If |α| ≥ 
it follows that Proposition 2 entails Proposition 1. Persistence under perturbations. Proposition 2 also implies that entrainment will persist under perturbations: for a perturbed initial conditionθ (0),
, it follows from the proof that the entrainment with respect to S 1 will be maintained. The limit N → ∞. Notice also that Proposition 2 remains non-trivial for N → ∞: if S 1 , S 2 and S 3 contain oscillators with natural frequencies in prescribed intervals, then in general ω M − ω m , γ 1 ,γ 2 , γ 3 , δ and T will approach non-zero constant values for N → ∞.
In view of this remark, the persistence of the entrainment under perturbations may contribute to the understanding of the stability properties of the partially synchronized solutions for the system (1) with N = ∞. These stability properties are not yet fully understood. Analytical identification of the entrainment behavior. The condition ω i − ω j > 2K for some i, j ∈ S 1 is obviously sufficient to exclude partial entrainment with respect to S 1 since this implies that θ i (t) − θ j (t) will grow unbounded. For some configurations this condition together with Proposition 2 allows us to determine a maximal entrained subset, i.e. a subset of {1, . . . , N } for which partial entrainment can occur and which is not included in another entrained subset. If the population can be partitioned in maximal entrained subsets, then the entire entrainment behavior can be determined on analytical grounds and all entrained subsets can be identified.
Estimation of the transition values for α = 0
The value of the coupling strength calculated from Proposition 2, guaranteeing partial entrainment of a given subset, may be quite conservative. This is a consequence of the fact that only little information can be obtained about the interaction between oscillators from different entrained subsets. As a result, the discrepancy between the value calculated from Proposition 2 for the entrainment of a subset S e and the transition value for K obtained from simulations decreases with increasing size of S e (for the same population), as can be seen in Fig. 2 below. In this section a better estimation for the actual transition value of the coupling strength is given for the case α = 0.
Estimation procedure
Proposition 2 (and its proof) suggest(s) that oscillators which differ largely in natural frequency will have small mutual influence as to the entrainment behavior. Simulations confirm this and indicate that this is already true for much smaller frequency differences than those suggested by the analytical results. We estimate the critical values for the coupling strength, defining the transitions between different forms of partial entrainment behavior, by neglecting the interactions between oscillators from different entrained subsets and using analytical results from [2] . Since the latter results are concerned with the case α = 0, we will restrict α to be zero throughout this section.
We estimate the entrainment behavior with respect to a subset S e by disregarding all oscillators not belonging to S e , and we determine the coupling strength K c for which full entrainment of S e would occur. This is done by numerically solving the following equations for K and r , obtained from [2] .
In these equations ω j ω j − 1 |S e | i∈S e ω i . The variable r isup to a factor |S e | N -equal to the order parameter corresponding to the subsystem (1) with i ∈ S e and with the summation index j also restricted to S e . For this subsystem the order parameter r is defined as
|S e | j∈S e e iθ j (t) , ∀t ∈ R, and for K sufficiently large, r is time-invariant and r r (t) This procedure is also supported by observations from the model with an infinite number of oscillators. For α = 0 and with the distribution g of the natural frequencies even, the partially synchronized subset in the solution mentioned in the introduction is independent of the shape of the distribution g outside the region corresponding to the frequencies of the oscillators in the partially synchronized subset. (See e.g. [16] for mathematical details.)
Comparison and discussion
We compare the critical values for K resulting from the above analytical estimation based on Eq. (3) with the values for K derived from Propositions 1 and 2, and from simulations. We considered (1) for α = 0 and with N = 100, and we randomly picked 100 natural frequencies from the distribution g defined by
where C > 0 is such that
is a slight modification of 1/ω, to guarantee that g can be normalized to 1.) The frequencies were ordered by their absolute values.
For the calculation of the K -values according to Propositions 1 and 2 and Eq. (3), we then considered the entrainment of the subsets S e = {1, . . . , M}, with M > 1. For each value of M, Propositions 1 and 2 provide a minimal value of K for which entrainment of S e is guaranteed. Together with the estimation resulting from Eq. (3) and the value given by the simulations, these are shown in Fig. 2 for varying M. In the simulations, the entrained subsets may differ from the sets {1, . . . , M}, but in most cases they are equal. (In the case represented by Fig. 2 
this holds for 95% of the M-values.)
Since Proposition 1 requires that M > N /2, the corresponding curve starts only at M = 51. Also Proposition 2 does not generate results for any value of M, but the condition is less stringent and the corresponding curve starts for a value of M < 51. (Although for several other distributions of the natural frequencies this curve also starts at M = 51, the present form of g shows that this does not always hold.) For the curve associated with Proposition 2 the K -values are closer to those obtained from the simulations than for the curve associated with Proposition 1, but, considering the logarithmic scale, both are unsuitable as estimations for the transition values between different forms of partial entrainment.
For this choice of the natural frequencies, the estimation based on Eq. (3) corresponds quite well with the simulation results, justifying the assumption that oscillators outside an entrained subset have little influence on the entrainment of this subset.
Entrainment break up with increasing K
The general scenario does not always hold; one of the points we want to draw attention to is that entrained oscillators may break up with increasing K , a phenomenon reported before in [8, p. 46] for the case α = 0. We consider a particular system with four oscillators, and also α = 0. Observe in Fig. 3 that there is a critical value for the coupling strength (±0.313) above which the entrainment of a subset breaks up. Further increase of K re-establishes the entrainment.
We offer an intuitive explanation. Denote the oscillators by 1, 2, 3 and 4, according to the order of their natural frequencies ω i (i.e. ω 1 < ω 2 < ω 3 < ω 4 ).
As we have already mentioned in previous sections, the interaction between two oscillators appears to decrease with increasing difference in their natural frequencies. This implies that oscillator 3 will be subject to a stronger attraction towards oscillators 1 and 2 than oscillator 4. With increasing coupling strength K this attraction, and also the difference in attraction between oscillators 1 and 2 on oscillator 3 and on oscillator 4, will increase. For some value of K oscillators 3 and 4 become entrained, but when K is increased further, the increase in attraction difference becomes more important than the increased attraction between oscillators 3 and 4, making it possible for partial entrainment to disappear.
For α = 0 simulation results indicate that entrainment of two oscillators in a system of only three oscillators cannot disappear with increasing coupling strength. The probability of entrainment disappearing with increasing coupling strength seems to increase with |α|, and for |α| sufficiently large it can also be observed in a system of three oscillators.
Persistence of full entrainment with increasing K
The explanation offered in the previous paragraph implies that a given entrained subset can break up with increasing coupling strength only if other oscillators are present, and suggests that entrainment of the entire population cannot disappear with increasing coupling strength. For α = 0 this is confirmed as follows by analytical results that can be derived from [2] . In this paper, it was proved that the existence of a locally stable phase-locked solution (which corresponds to full entrainment) is equivalent to the existence of a solution r ∈ (0, 1] of (see also (3) in Section 4)
Assume that r and K satisfy both (4) and (5) and take K > K . It follows that ϕ 1 (r, K ) ≤ 0, while clearly ϕ 1 (1, K ) ≥ 0, implying the existence of an r ∈ [r, 1] with ϕ 1 (r , K ) = 0. From r ≥ r and K r > K r and ϕ 1 (r , K ) = 0 it then follows that
implying the existence of a solution to (1) for a coupling strength K which exhibits entrainment of the entire population. This result implies that the solution to (1) corresponding to entrainment of the entire population will persist with increasing coupling strength (for the case α = 0).
Josephson junctions
The relation between the Kuramoto-Sakaguchi model and arrays of Josephson junctions [19] suggests that the phenomenon of destruction of entrainment with increasing K may also be observed in Josephson junction arrays. Simulations confirm this. For a Josephson junction characterized by a phase difference φ the voltage and current across the junction are given byh 2eφ and I C sin φ respectively, whereh is Planck's constant divided by 2π , e denotes the elementary electrical charge and the constant I C is the critical current of the junction. We consider the same circuit as in [19] : a (parallel) connection of a bias current I B , N different junctions in series, and a load with inductance L, resistance R and capacitance C, with the charge on the capacitor denoted by Q. For junction i the phase difference, resistance and critical current are denoted by φ i , r i and I i respectively; we assume that its capacitance can be neglected. The system equations can then be written as h 2er iφ i + I i sin φ i +Q = I B , ∀i ∈ {1, . . . , N },
In [19] it was shown that in the limit of weak coupling and weak disorder this system can be cast into the model (1) . Setting N = 4, I B = 1.5 mA, R = 50 , L = 25 pH, C = 0.04 pF, values are taken from [19] ), we calculate the long-term average frequencies (i.e. the values ω lim i lim t→∞
) for varying β I , representing different levels of disorder. The result is shown in Fig. 4 . In spite of the irregular shape of the graph (which persists when simulating with different time steps or over different time intervals, excluding simulation errors as the cause of the irregularity), different phenomena can be observed. Enumerating the junctions from 1 to 5, such that ω lim 1 ≤ ω lim 2 ≤ ω lim 3 ≤ ω lim 4 ≤ ω lim 5 (with strict inequalities e.g. for β I = 9.6, notice that for β I = 9.2, junctions 2 and 3 have already become entrained), the following transitions (with increasing β I ) are clearly visible:
• β I ≈ 9.36: junction 2 leaves junction 3, and joins junction 1 at β I ≈ 9.71; • β I ∈ (10.03, 10.16): entrainment of junctions 1 and 2 temporarily disappears; • β I ∈ (9.31, 10): junctions 4 and 5 are entrained but for several subintervals the entrainment disappears; • β I ≈ 10.17: junction 4 (having left junction 5 at β I ≈ 10) becomes entrained with junction 3.
Conclusion
We have investigated the partial entrainment behavior of the Kuramoto-Sakaguchi model. We derived a sufficient condition for partial entrainment of a given subset of oscillators; the result implies persistence of the entrainment behavior under perturbations and remains non-trivial in the limit N → ∞.
For the investigated distribution of natural frequencies, the critical value of the coupling strength defining the onset of partial entrainment of a given subset can be estimated analytically by neglecting oscillators which do not belong to this subset.
Simulations indicate that entrainment can disappear with increasing coupling strength in the Kuramoto-Sakaguchi model, and that a similar phenomenon can be observed in arrays of Josephson junctions, where it is also possible that a junction leaving one entrained subset joins another entrained subset. 
Appendix A. Proof of Proposition 2
The main idea of the proof is similar to the idea behind the proof of Proposition 1. Instead of one trapping region, we will consider two regions and show that a solution starting in the smaller region cannot leave the larger region (which encompasses the smaller region). We first formulate and prove a lemma that allows us to provide a better bound for the term cos(θ k (t 0 ) −
) in (2) with k ∈ S e . Lemma 1. Assume that the continuously differentiable function
Proof. The result is invariant under the substitution θ 0 ↔ −θ 0 , and therefore we will only consider the case for whichθ (t) > 0, ∀t ∈ R + . Since θ 0 is strictly increasing we can perform the substitution t = θ
.
Denoting by n(t) the number of connected components of I + (t) if I + (t) = ∅ and setting n(t) 1 for I + (t) = ∅ we obtain
proving the lemma.
We will now prove Proposition 2.
For an a ∈ (0, π − 2 |α|), yet to be determined, consider the region
We will determine conditions such that a well-chosen initial condition leads to a solution θ of (1) which remains in R a . The initial value θ (0) belongs to R a , with a ∈ (0, a) also yet to be determined, and is such that
. Consequently we only need to derive conditions guaranteeing that θ M (t) − θ m (t) will remain smaller than or equal to a. With ϕ
We will investigate the behavior of ϕ for t-values for which
. In this situation the terms in the summation for which j ∈ S 1 are bounded by
− α ≥ −1, and thuṡ Consider a j ∈ S 2 . Then
With the same notation as in Lemma 1, define F Ω 1 ,Ω 2 :
,Ω 2 (1) < 0, and one can also verify that
It follows that the function F Ω 1 ,Ω 2 is convex and that the value cosΘ 0 for which the linear interpolation between (0, F Ω 1 ,Ω 2 (0)) and (1, F Ω 1 ,Ω 2 (1)) will become zero will satisfy F Ω 1 ,Ω 2 (cosΘ 0 ) ≤ 0. It can be calculated as cosΘ 0 = Ω 2 − Ω 1 Ω 2 − Ω 1 + πΩ 1 .
In order to apply Lemma 1 to θ j , with j ∈ S 2 , Ω 1 and Ω 2 have to replaced by ω j − 2 )) leads to a sufficient condition for the existence of a solution which is partially entrained with respect to S 1 . To obtain the least stringent condition, one could take the derivative of the left-hand side with respect to s and then substitute the appropriate root of the resulting third order polynomial in the inequality. To avoid obtaining too complicated expressions we take the derivative of the left-hand side and we calculate the (non-negative) roots under the assumption that ω is equal to zero and in the absence of the term in |sin α|: s = γ 1 cos α −γ 2 − γ 3 3(γ 1 cos α +γ 2 + γ 3 ) .
Substitution ofs in the previous inequality leads to Proposition 2.
Appendix B. Proof of Proposition 3
We can repeat the derivation of the previous section with ω = 0, leading to the inequality (A.1) which now holds for all t 0 , t ∈ R + for which ϕ(t 0 , t) ⊂ (0, T , (A.2b) can be satisfied. Since γ 1 cos α > γ 3 , Eq. (A.2a) holds with strict inequality if a and K are chosen sufficiently small. From (A.1) we then obtain that lim t→∞ ϕ(t) = 0, leading to Proposition 3.
